Let G be a connected graph of order p and S a nonempty set of vertices of G. Then the Steiner distance d(S) of S is the minimum size of a connected subgraph of G whose vertex set contains S. If n is an integer, 2 ≤ n ≤ p, the Steiner n-diameter, diam n (G), of G is the maximum Steiner distance of any n-subset of vertices of G. This is a generalisation of the ordinary diameter, which is the case n = 2. We give upper bounds on the Steiner n-diameter of maximum planar graphs in terms of order and connectivity. Moreover, we construct graphs to show that the bound is asymptotically sharp. Furthermore we extend this result to 4 and 5-connected maximal planar graphs.
Introduction
Let G be a connected graph of order p(G) and S a set of vertices of G. Let H be a connected subgraph of G of minimum size which contains S. Then H is a tree, known as a Steiner tree for S, and the size of H is the Steiner distance of S in G, denoted by d G (S). If |S| = 2, then the Steiner distance of S is the (ordinary) * The results in this paper are part of the rst author's PhD thesis.
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‡ corresponding author: email pdankelmann@uj.ac.za, phone +27-11-5994320, fax +27-11-5592874 § nancial support by the National Research Foundation is gratefully acknowledged distance between the two vertices of S, so the Steiner distance generalises the ordinary distance between two vertices. Let n be an integer such that 2 ≤ n ≤ p. The n-diameter of G, diam n (G), is dened to be the maximum Steiner distance of any n-subset of vertices of G. The determination of a Steiner tree in a graph is a discrete analogue of the well-known geometric Steiner problem: In an Euclidean space (usually an Euclidean plane) nd the shortest possible network of line segments interconnecting a set of given points. Steiner trees have application to multiprocessor computer networks. For example, it may be desired to connect a certain set of processors with a subnetwork that uses the least number of communication links. A Steiner tree for the vertices, corresponding to the processors that need to be connected, corresponds to such a desired subnetwork. Since the problem of determining the Steiner distance is known to be NP-hard [6] , it is desirable to have good bounds. In this paper we give upper bounds on the n-diameter in terms of order p for 3, 4 and 5-connected maximal planar graphs. The ordinary distance between two vertices u,
, is the length of a shortest u-v path in G. Throughout the paper we will often drop the subscript (or argument) G if no confusion can arise. The degree, deg(v), of a vertex v of G is the number of edges incident with it. The minimum degree of G, δ(G), is the smallest of the degrees of vertices in G and the maximum degree, ∆(G), of G is the largest of the degrees of the vertices in G. The connectivity, κ(G), of G is dened as the minimum number of vertices whose deletion renders G disconnected or a trivial graph. G is k-connected if κ(G) ≥ k. A graph is planar if it can be drawn in the plane with no crossing edges. A graph is maximal planar if it is planar, but after addition of any edge the resulting graph is not planar.
Distances in maximal planar graphs have been well studied in the literature. The maximum number of vertices of maximal planar graphs of given diameter and maximum degree has been determined. Hell and Seyarth [7] have shown that the maximum number of vertices in a planar graph with diameter 2 and maximum degree ∆ ≥ 8 is 3 2 ∆+1 . It was shown in [8] that maximal planar graphs of diameter 2 and maximum degree ∆ ≥ 8 have no more than 3 2 ∆ + 1 vertices. It was also shown that there exist maximal planar graphs with diameter two and exactly 3 2 ∆ + 1 vertices. Yang, Lin and Dai [10] have computed the exact maximum number of vertices in planar graphs and maximal planar graphs with diameter two and maximum degree ∆, for ∆ < 8.
Fulek, Mori¢ and Pritchard [5] proved that for every connected planar graph G of order p and size m,
Since for 3, 4 and 5-connected maximal planar graphs m = 3p − 6, the bound in (1) becomes
It is well known that for the ordinary diameter, i.e., for the case n = 2, if G is a k-connected graph of order p, then
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The inequality (2) yields for 3-connected graphs G,
for 4-connected graphs G,
and for 5-connected graphs G,
So the ordinary diameters of 3, 4 and 5-connected maximal planar graphs do not exceed
and p + 3 5
, respectively. We generalise in this paper the above bounds (3), (4) and (5). We show that the bounds for the 2-diameter essentially also hold for the n-diameter in maximal planar graphs. In particular, we show that for maximal planar graphs G,
for 4-connected maximal planar graphs G,
and for 5-connected maximal planar graphs G,
We also construct graphs to show that these bounds are asymptotically sharp.
Results
Let G be a maximal planar graph of order p. For vertices y, z ∈ V (G), denote by P (z, y), a z-y shortest path in G. If G is rooted at a vertex, say a 0 , and i ∈ N 0 , then the i-th distance layer is the set
A vertex x ∈ N i is active if x has a neighbour in N i+1 . We denote by A i the set of active vertices in N i . Lemma 2.1 is a direct consequence of a result in [2] . For completeness we give a proof.
Lemma 2.1. Let G, and A i be as above and let i ∈ N 0 .
(i) If G is maximal planar and u ∈ A i , then there exist two distinct vertices in A i − {u} both of which are adjacent to u.
(ii) If G is 4-connected maximal planar and u ∈ A i , then there exist three distinct vertices v, w, z ∈ A i − {u} such that v and w are neighbours of u and either v or w is adjacent to z.
(iii) If G is 5-connected maximal planar and u ∈ A i , then there exist four distinct vertices v, w, y, z ∈ A i − {u} such that both v and w are neighbours of u, y is a neighbour of v and z is a neighbour of w.
Proof.
(i) Since u is a vertex of A i , it has neighours in N i−1 and in N i+1 . Number the neighbours of u as x 0 , x 1 , . . . , x l such that the edges ux i appear in clockwise order, x 0 is in N i−1 and, say, x k is in N i+1 . Since G is maximal planar, x j and x j+1 are adjacent for j = 0, 1, . . . , l where subscripts are taken modulo l + 1. We show that there exists a
Similarly we can show that there exists a j 2 ∈ {k, k + 1, . . . , l} such that x j 2 ∈ A i − {u}. It remains to show that
Then, there are two edges, ux j 1 , and ux j 2 , joining u to the same vertex, a contradiction.
(ii) Let u ∈ A i and assume the notation in the proof of Lemma 2.1 (i). Then set v = x j 1 and w = x j 2 . We now show that there exists a vertex z ∈ A i − {u, x j 1 , x j 2 } such that either x j 1 or x j 2 is adjacent to z. By way of contradiction, suppose that neither x j 1 nor x j 2 is adjacent to a vertex in A i − {u, x j 1 , x j 2 }. By part (i) it follows that both, x j 1 and x j 2 are adjacent to u and to each other. The three edges, ux j 1 , ux j 2 , and x j 1 x j 2 form a 3-cycle, C 3 . Since the last x j that precedes x j 1 on W and the rst x j that succeeds x j 1 on W are on dierent sides of C 3 , the inside and the outside of C 3 both contain vertices. Thus any path between vertices inside C 3 and those vertices outside has to pass through u or x j 1 or x j 2 , and hence u, x j 1 and x j 2 form a cutset, a contradiction to the 4-connectedness of G.
(iii) Let u ∈ A i and assume the notation in the proof of Lemma 2.1 (i). Then set v = x j 1 and w = x j 2 . We now show that there exists two distinct vertices z, y ∈ A i − {u, x j 1 , x j 2 } such that x j 1 is adjacent to y and x j 2 is adjacent to z. By way of contradiction, suppose that x j 1 and x j 2 share a neighbour a ∈ A i − {u, x j 1 , x j 2 }, a = u. Now the four edges ux j 1 , x j 1 a, ax j 2 , x j 2 u form a 4-cycle, and so as above {u, x j 1 , a, x j 2 } is a separating set of G, contradicting the fact that G is 5-connected and the lemma is proven.
We present our main results.
Theorem 2.2. Let G be a 3-connected maximal planar graph of order p.
Proof. Let S = {a 0 , a 1 , . . . , a n−1 } be a set of n vertices in G such that
The idea of the proof is as follows: We construct a sequence T 1 , T 2 , . . . , T n−1 of subtrees of G such that T i is a subtree of T i+1 for 1 ≤ i ≤ n − 2, and the vertices a 0 , a 1 , . . . , a i are contained in T i for i ∈ {1, 2, . . . , n − 1}. We further construct sets B 1 ⊆ B 2 ⊆ . . . ⊆ B n−1 with B i ⊆ V (T i ) for i = 1, 2, . . . , n − 1 such that for each v ∈ B i there exists a set A v , consisting of v and two neighbours of v not in T i . We show that the sets A v are pairwise disjoint, and that almost all vertices of T i are in B i , which implies that |V (T n−1 )| is only slightly greater than p 3
, which in turn implies our bound on diam n (G). We also construct sets
We rst consider a 1 . Let T 1 be the tree P (a 0 , a 1 ). Let B 1 = V (T 1 )\{a 0 , a 1 } and that a 0 , a 1 , . . . , a i−1 , have been considered and a tree T i−1 and sets B i−1 and
and incorporate a i into T i−1 to obtain T i . Consider P (a 0 , a i ). Let j ≥ 1 be the largest integer such that there exist y ∈ V (P (a 0 , a i )) ∩ N j , and x ∈ V (T i−1 ) with d G (x, y) ≤ 2. We may assume that P (y, a i ) is the y-a i section of the path P (a 0 , a i ), and that x ∈ V (T i−1 ) is a vertex nearest to y in G. We dene T i , B i and C i as follows:
Note that for each i = 1, 2, . . . , n − 1,
Now the set C 1 is empty, and C i has at most two vertices more than C i−1 . Hence the set C i contains at most 2(i − 1) vertices, and we have
Finally, let T be the tree T n−1 . From (6) we get
Now each vertex in B n−1 is active. By Lemma 2.1 (i), each vertex v ∈ B n−1 is adjacent to two vertices v and v in the same distance layer. Dene A v := {v, v , v }. By our construction of T n−1 , the sets A v for v ∈ B n−1 are pairwise disjoint and have exactly three vertices each, and do not contain any vertex of S. Hence v∈B n−1 |A v |+ |S| ≤ p and so
The theorem now follows since
Figure 1: Construction of T 2 . Vertices and edges of T 2 are solid, paths P 1 and P 2 are on a shaded background.
The following graphs show that, for constant n, the bound in Theorem 2.2 is best possible, apart from the value of the additive constant. For an integer k ≥ n 3 let G 1 , G 2 , . . . , G k be disjoint copies of the cycle C 3 , and let
. For n ≥ 4 let n = 3q + r with r ∈ {1, 2, 3} and dene S to be the set of n vertices {a 1 , b 1 , c 1 , a 2 , b 2 , c 2 , . . . , a q , b q , c q } ∪ R, where R ⊆ {a k , b k , c k } is a set with |R| = r. It is easy to see that Figure 2 shows the graph G k . 
The idea of the proof is similar to that of Theorem 2.2. We also construct subtrees T 1 , T 2 , . . . , T n−1 of G and sets B i , C i and A v , but the sets A v now contain four vertices, including a vertex at distance 2 from v, which necessitates a slight modication of the denitions of the B i and C i so that the A v remain disjoint.
To incorporate a i into T i , we consider P (a 0 , a i ). Let j ≥ 1 be the largest integer such that there exist y ∈ V (P (a 0 , a i )) ∩ N j , and x ∈ V (T i−1 ) with d G (x, y) ≤ 4. We may assume that P (y, a i ) is the y-a i section of the path P (a 0 , a i ), and that x ∈ V (T i−1 ) is a vertex nearest to y in G. We dene T i , B i and C i as follows:
Now the set C 1 is empty, and C i has at most four vertices more than C i−1 . Hence the set C i contains at most 4(i − 1) vertices, and we have
Finally, let T be the tree T n−1 . From (8) we get 
